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Search for the Jacobi shape transition in rapidly rotating nuclei
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We have studied quasicontinuous gamma radiation from reactions of48Ca beams on targets of50Ti, 64Ni,
96Zr, and 124Sn. The bombarding energies were in the range 195–215 MeV, and were chosen so as to bring in
a high angular momentum without severe fragmentation of the cross sections for fusion residues. Experiments
were performed both with the 8PI spectrometer at the LBNL 88-Inch Cyclotron, and with Gammasphere at the
ANL ATLAS accelerator. The results have been analyzed in a variety of ways, with the consistent result that in
all but the heaviest target, the nuclear moments of inertia tend to increase with increasing angular momentum
up to the highest values observed. This could come from a transition towards a highly deformed Jacobi-like
shape, or possibly be due to the appearance of high-j intruder orbitals at the Fermi surface. We will argue that
these effects can be equivalent.
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I. INTRODUCTION

It is a general property of rotating classical fluids th
beyond a certain critical angular momentumL1, the equilib-
rium shape changes abruptly from a slightly flattened c
figuration to a triaxial shape rotating about its shortest a
With increasing angular momentum, this configuration elo
gates very rapidly and eventually fissions at a character
angular momentumL2.

The original discovery of such a transition from oblate
triaxial shapes was made in 1834 by Jacobi, in the contex
rotating, idealized, incompressible, gravitating masses
1961, Beringer and Knox@1# suggested that a similar trans
tion might be expected in the case of atomic nuclei, ideali
as incompressible, uniformly charged, liquid drops endow
with surface tension. Subsequent theoretical studies in 1
and in 1986@2# confirmed this conjecture. It was also rea
ized that the mathematical problem of a rotating, uniform
charged drop goes over smoothly into Jacobi’s classic as
nomical problem by making the magnitude of the repuls
electrostatic energy decrease through zero to negative va
at which point it becomes a Newtonian attraction@3#.

In 1996, the oblate-to-triaxial transition was found to ta
place in the more realistic nuclear Thomas-Fermi model
der the assumption of synchronous rotation, i.e., that all m
elements rotate with a common angular velocity@4#. The
Thomas-Fermi model is a self-consistent, mean-field, se
classical solution of the problem of nucleons interact
through finite-range forces. It gives a good description
average static nuclear properties such as binding ene
and fission barriers, but nuclear shell effects are not ta
into account. Shell effects can produce sharp deviations f
average binding energies~and shapes! and, moreover, the
assumption of synchronous rotation is known to be stron
violated at low angular momenta where pairing effects
important.
0556-2813/2002/66~2!/024317~15!/$20.00 66 0243
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Conventional superdeformed nuclei owe their elongat
to shell effects, and are observed down to relatively l
angular momenta~spin zero in some fission isomers!. By
contrast, the existence of Jacobi-like configurations is du
the centrifugal force, and, without help from shell effec
such shapes would appear only at very high angular mom
tum; but they should then occur over a wider range of nuc
rather than in the small pockets characteristic of the effe
driven by shell structure.

Evidence for Jacobi effects must be sought in the qu
continuousg spectrum emitted from states of very high a
gular momentum. For example, Majet al. @5# have recently
presented evidence for a Jacobi transition in46Ti, based on
the analysis of theg spectrum associated with decays of t
giant-dipole resonance. In this paper we will present exp
mental indications that strongly elongated nuclei, remin
cent of the Jacobi configurations, are produced in reacti
resulting from the bombardment of50Ti, 64Ni, 96Zr targets
with beams of 48Ca. The effect occurs at a lower angul
momentum than a ‘‘classical’’ Jacobi transition, and appe
to be gradual rather than sharp. In the case of the124Sn
target, there is no evidence yet for such a transition in
spin region observed.

II. EXPERIMENT

At Lawrence Berkeley National Laboratory, targets
64Ni and 124Sn were bombarded with beams of48Ca deliv-
ered by the 88-Inch Cyclotron. Target characteristics a
bombarding energies are given in Table I. Gamma rays w
detected in the 8PI spectrometer@6#, which comprises an
outer array of 20 Compton-shielded HPGe detectors, and
inner array, or ball, of 71 bismuth germanate~BGO! scintil-
lation detectors. This inner array covers a solid angle
'94% of 4p steradians, and has very good multiplicityM
resolution. Its response, that is, the number of BGO b
©2002 The American Physical Society17-1
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TABLE I. Summary of the experimental conditions. The calculation ofLmax assumes fusion at grazin
incidence withR051.2 F.

Target Thickness Incident Calculated Events Events
~mg! energy~MeV! Lmax (\) ~8PI! ~Gammasphere!

50Ti 0.5 200 70 0 1.93109

64Ni ~0.4!1~0.38! 207 79 3.53108 2.13109

96Zr 1.0 207 86 0 2.23109

124Sn ~0.44!1~0.44! 215 88 4.53107 9.03108
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elements that fire~K! on being presented with a given inp
g-ray multiplicity has been determined with radioacti
sources according to the method described by Ja¨äskelainen
et al. @7#.

At Argonne National Laboratory, targets1 of 50Ti, 64Ni,
96Zr, and 124Sn were bombarded with48Ca beams delivered
by the ATLAS accelerator. Gamma rays were detected in
Gammasphere array@8#. In order to achieve the best possib
response inK, the ‘‘hevimet’’ pieces that usually shield th
Compton suppressors from a direct view of the target w
removed. This increased the rate of false veto signals,
the efficiency of the instrument was reduced by as much
factor of 2, but it provided an efficient measurement of t
g-ray multiplicity of a quality comparable to that obtaine
from the 8PI spectrometer described above. In Gamm
phere, the foldK is defined as the number of modules th
detected ag ray, where a module is defined as an HP
detector and its associated suppression shields~actually
seven separate BGO detectors!. Gammasphere contains up
108 HPGe/BGO modules. We defineK as the number of
modules which have been hit at least once. For exampl
hit on an HPGe detector and one or more of its shields
counted as one hit module and contributes one count to thK
value.

The response functions inK measured for Gammasphe
with a 60Co source are shown in Fig. 1. These differ litt
from the corresponding functions for the 8PI spectrome
For moderateg-ray multiplicitiesM, Gammasphere typically
registers two more hits than the 8PI spectrometer. We bel
that this is because there is more scattering between dete
where the BGO pieces are rather thin, near the apices o
Gammasphere suppression shields. At very high multiplic
sayM greater than 40, where the multiplicity ofg rays be-
gins to become significant relative to the number of detec
~71! in the 8PI spectrometer, Gammasphere registers t
cally four more hits than the 8PI spectrometer. This incre
comes about because there are more detectors in Gam
phere than in the 8PI spectrometer, so that the numbe
multiple hits on one element are fewer.

In the Gammasphere experiments, events were writte
tape on a trigger of five Compton-suppressed coincid
HPGe hits. The information written included the participa
ing HPGe energies and times, together with the associateH
and K values computed by the Gammasphere data acq
tion program. Here,H is the total detectedg-ray energy ob-

1The same64Ni and 124Sn targets were used at both laboratori
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tained by summing the outputs of all detectors registering
the event. Individual BGO parameters were not written. T
timing requirement for including a hit in theH andK com-
putation was that it be within640 ns of the prompt time
peak.

In the 8PI spectrometer experiments, the trigger was g
erally two Compton-suppressed coincident HPGe hits
gether with a minimum of seven (K57) hits on the BGO
ball. Some data were taken requiring only a single HPGe
~with seven BGO hits!. The data stream to tape included th
participating HPGe energies and times, together with the
sociatedH and K values computed in the data acquisitio
program@9#. The time requirement for including a hit inH
andK was more restrictive than in the Gammasphere exp
ments, and was typically within620 ns of the prompt time
peak.

III. RESULTS

Our objective is to studyg spectra emitted by states o
high angular momentum. Ideally we would like to isolate t

.

FIG. 1. Measured response functions for Gammasphere,f M(K),
as described in the text.K is the fold, defined as the number of h
modules observed for theg-ray multiplicity shown above the
curves. The ‘‘hevimet’’ shielding over the Compton suppressors w
removed.
7-2
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SEARCH FOR THE JACOBI SHAPE TRANSITION IN . . . PHYSICAL REVIEW C66, 024317 ~2002!
average spectrum associated with transitions from states
specific spin,I. What we did obtain was theg spectrum
associated with a specific range of spins by subtracting s
tra gated in coincidence with neighboring folds, sayK-1 or
K-2 from that ofK. These spectra have to be unfolded f
Compton events, corrected for detector efficiency, and pr
erly normalized. From the measured response function of
instrument, that is, the relationship between an input ev
multiplicity M and the corresponding output responseK, we
can then associate a range ofM values with the subtracted, o
incremental, spectrum. Finally, by measuring the angular
tributions of g rays about the beam axis, which to a go
approximation leads to the average angular momentum
moved perg ray, we can associate an average spin va
with the derivedM value.

A. Processing the spectra

The data tapes were replayed into matrices withK on one
axis and HPGe energy on the other. From these matrices
projected HPGe spectra associated with individualK values.
Examples of raw HPGe spectra are shown in Fig. 2. E
HPGe spectrum was processed by contracting the dispe
to 32/3 keV per channel, and then unfolding out Comp
events. The response function was represented in an app
mate way as a platform and a full-energy peak, the la
taken as one channel with a high count. The ratio of
platform height to the height of the single high channel sim
lating the photopeak was adjusted to the measu
photopeak-to-total ratio and was represented by an ana
formula as a function ofg-ray energy. One small but nece

FIG. 2. Unprocessed HPGe spectra gated onK536 obtained
with Gammasphere for the48Ca reactions specified. A characterist
edge is present in all the spectra~e.g., at'2750, 2400, 1900, and
1400 keV for the targets50Ti, 64Ni, 96Zr, and 124Sn, respectively!
and gives a measure of the nuclear moment of inertia at the ang
momentum selected by theK value.
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sary refinement was to linearly taper away the counts in
platform down to zero intensity over the regionEg
'200 keV toEg50. This is an obvious feature in the Gam
masphere calibration spectra, and is caused by the dimin
ing efficiency of the constant-fraction discriminator for low
amplitude pulses. Failure to take this into account results
an oversubtraction of the spectra at lowg-ray energies. The
effects of unfolding the Compton events are illustrated
Fig. 3, which shows data for the64Ni target.

The final steps in processing the spectra were to divide
the measured photopeak efficiency response, and to nor
ize the spectrum integral to the derivedg-ray multiplicity.

For some purposes, we found it convenient to subtract
statistical component of the spectrum. This was done by
ting the exponential fall of the high-energy tail in the spe
trum to the function@10#

N~Eg!;Eg
3exp~2Eg /Te f f!, ~1!

where Te f f is an effective temperature. These steps are a
illustrated in Fig. 3.

B. Anisotropy of the g radiation

Angular distributions ofg rays with respect to the beam
direction were obtained from samples of the Gammasph
data for each reaction. The data tapes were replayed to
erate angle-dependentK matrices of HPGe spectra separat
into the rings of common polar angles about the beam a
From these matrices, histograms were generated by ga
over narrow ranges inK selected at low, medium, and hig
multiplicity for each reaction. The spectra were unfolded
remove the Compton background, and anisotropy spe
were generated by dividing point by point the histogra
from the ring atu5163° by that for the ring atu590°. Two

lar

FIG. 3. Steps in the processing of the HPGe spectra. The
are for the64Ni target at 207 MeV, measured with Gammaspher
7-3
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sets of spectra were examined, with the division perform
both before and after subtraction of the statistical compon
~as described above!. Corrections for the measured relativ
detection efficiency of the rings, and for the relativistic a
erration of the solid angle for emission from the recoili
nucleus were introduced. Examples for reactions on the64Ni
target are shown in Fig. 4.

C. Decomposition of the spectra, and the angular momentum
removed by the cascade

From the anisotropy spectra after subtraction of the sta
tical component, we made a simple decomposition of
spectra intoDI 52, l52 ~stretched quadrupole transition!
and DI 51, l51 ~stretched dipole transitions!. There may
be other weak components, e.g., nonstretched transiti
mixed transitions,l53 transitions, etc., but it is not possib
to reliably decompose the spectrum into more than the
basic components.

We take attenuation coefficientsa250.85 anda450.6 as
typical for the nuclear spin alignment, which for the ang
ratio Rg5(163°/90°) givesRg;1.55 for stretched quadru
poles, andRg;0.65 for stretched dipoles@11#. As can be

FIG. 4. Gamma-ray anisotropy spectra measured in Gamm
phere for reactions on the64Ni target. In the left-hand panels, sta
tistical transitions have been subtracted as described in the text
right-hand panels refer to the raw spectra. The anisotropy cann
extracted in the statistical region in spectra with the statistical tr
sitions subtracted~left-hand panels!, and this region is not shown.
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seen in Fig. 4 for the64Ni target, these values correspond
an assignment of'100% stretchedE2 at the peak of the
bump region and to a'100% stretched dipole at the lowe
g-ray energies. In fact, all four of the reactions studi
ranged over a similar set of values.

The spectra were decomposed into stretched quadru
~SQ! and stretched dipole~SD! components as

I SQ5I g~Rg2RSD!/~RSQ2RSD!, ~2!

I SD5I g2I SQ. ~3!

Operating on the multiplicity-normalized spectra, we th
assigned multiplicities to the stretched quadrupole, stretc
dipole, and statistical components as shown in Table II.
suming that the near isotropy of the statistical spectr
arises from there being'65% DL51 dipoles and 35%
DL50 dipoles, the angular momentum removed by the s
tistical cascade is 0.65\ times its multiplicity. The total an-
gular momentum of the cascade for all the reactions an
three typical multiplicities is summarized in Table II.

Previous workers, e.g.,@12#, have suggested that an em
pirical relationship between the angular momentum carr
by a g-ray cascade,I, to the multiplicityM has the form

I 5a~M2c!, ~4!

where the constantsa and c are determined by the data
Applying least-squares fits to the data shown in Table
shows thatc53 gives a good fit to all the data, and th
derived values fora are given in Table III.

D. Multiplicity spectra

TheK-spectra measured in the Gammasphere experim
are shown in Fig. 5. The corresponding multiplicity spec

s-

he
be
-

TABLE II. Decomposition of spectral components and the a
gular momentum carried by theg-ray cascade.

Multiplicity

Target Quad. Dipole Statistical Total Ang. mom. (\)

50Ti
Low 5.9 9.2 3.9 19.0 23.3

Medium 8.5 10.4 6.0 24.9 31.1
High 12.8 11.1 8.0 31.9 41.9

64Ni
Low 10.3 6.3 2.7 19.3 28.7

Medium 13.7 6.8 3.3 23.8 36.3
High 17.2 8.5 4.7 30.4 46.0

96Zr
Low 7.0 10.2 4.2 21.4 26.9

Medium 12.1 12.9 5.1 30.1 40.4
High 14.5 15.4 5.9 35.8 48.2

124Sn
Low 11.0 4.0 4.1 19.1 28.7

Medium 17.2 3.6 5.2 26.0 41.4
High 20.6 4.6 6.4 31.6 50.0
7-4
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SEARCH FOR THE JACOBI SHAPE TRANSITION IN . . . PHYSICAL REVIEW C66, 024317 ~2002!
were obtained by deconvoluting with the measured respo
functions, examples of which are shown in Fig. 1. In pra
tice, this was achieved by convoluting trialM spectra with
the response functions, and by iterating until the calculateK
spectrum agreed closely with that measured. The calcul
K spectrum was given by

NK5 (
M51,50

NM f M~K !, ~5!

where f M(K) are the set of response functions, cf. Fig.
which we parametrized as Gaussians in the variableK, with
a centroid and standard deviation fitted to the measured
ues as functions of the multiplicityM. The quantitiesNM and
NK are the spectral intensities at the valuesK andM, respec-
tively.

The multiplicity spectra shown in Fig. 5 are not at all lik
the true multiplicity spectra of the reaction: they were o
tained with a trigger condition of five clean HPGe hits, a
this heavily biases the detection efficiency against lo

FIG. 5. Examples of derived multiplicity spectra~filled circles!
for the four reactions measured in Gammasphere~see text!. The
measuredK spectra are shown as open circles, and theK spectra
calculated by convoluting the multiplicity spectra with the respon
functions are shown as open squares.

TABLE III. Relationship between angular momentum and m
tiplicity. The best fit to the results given in Table II expressed in
form L5coeff.3(M23)\, whereL is the angular momentum an
M the multiplicity.

Target Coefficient

50Ti 1.44
64Ni 1.73
96Zr 1.48
124Sn 1.78
02431
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multiplicity events. We could of course take out the trigg
bias, but we have not done so because this bias enters in
later aspects of the analysis equally, and does not affect
final results.

Multiplicity spectra obtained with the 8PI spectromet
were analyzed in the same way, using the appropriate
sponse functions. The trigger condition in the 8PI expe
ments was much more transparent to low-multiplicity even
For example, in the case of the48Ca on 124Sn reaction re-
corded with the 8PI spectrometer there is an intense pea
'M514, which arises from fission reactions: the corr
sponding feature in the Gammasphere data can be see
Fig. 5 as a small inflection on the low-multiplicity side of th
multiplicity distribution.

From the relationship ofNM to NK discussed above, we
can compute the distributionsf K(M ), which express theM
content projected out by a singleK value; these distributions
may be regarded as the inverse of the distributionsf M(K)
shown in Fig. 1. Thef K(M ) distributions have built into
them theM spectrum specific to the measurement, as s
through a particular trigger bias. Generally, we have tak
the M centroid of these distributions to be the averageM
associated with the experimentalK selection.

E. Extraction of incremental g spectra

By comparing the processed HPGe spectra for suc
sively higherK values, we can, in effect, isolate the spectru
of g-rays depopulating states of the very highest spins,
is, the transitions feeding in at the top of theg cascade. The
way to do this is to subtract the spectrum gated onK from
that gated onK11 with some normalization. We have ex
plored various procedures for choosing the normalizati
For example, the normalization could be chosen so as
cancel some region of the spectrum known to remain clos
unchanged with the increasingK value; this could be the
statistical component, or the region at the lowest spins~i.e.,
g-ray energies! in the collective bump component.2 The op-
tion to cancel the discrete lines is not available in this data
since we have not selected a specific final nucleus, and
intensities of the discrete lines shift with changingK values.

An example of how this analysis looks in the48Ca on
124Sn reaction recorded with the 8PI spectrometer is sho
in Fig. 6. These spectra are unprocessed, but this does
affect the point. We can extract a well-defined result for t
average spectrum of new transitions entering at the top of
cascade in the figure associated withK524. The normaliza-
tions chosen to zero the statisticals, or to zero the count
the lowest spins in the collective bump region, say,Eg
'950–1050 keV are closely equivalent, as can be see
the inset in Fig. 6.

A more quantitative way to extract the information is
normalize the processed spectra to their associated multi

2The feeding of the lowest spins in the collective bump comp
nent becomes saturated at some moderate entry spin, and s
show no change in intensity with higher entry spins, for examp
Ref. @12#.

e
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D. WARD et al. PHYSICAL REVIEW C 66, 024317 ~2002!
ity @12#. Following this procedure, the integral of the coun
in the spectrum~after processing! is set equal to the multi-
plicity associated with theK value as defined in Sec. III D
above. The subtraction of such normalized spectra resul
a normalized spectrum by construction. We have chose
subtract the lower member from the higher one for pairs
spectra gated on foldsK11 andK21, or on foldsK and
K21. Typical results are shown in Fig. 7. TheE2 bump is
evident in these results; its centroid is well defined and co
be reliably determined. In order to compare the relat
strengths of theE2 bumps in Fig. 7 we have scaled th
difference spectra to an area corresponding to unit trans
strength.

1. Precautions concerning the selection of high-spin states by
selection

For high counting rates, there can be pileup effects in
electronics such that two separate fusion events of ave
multiplicity are registered as one event of approximat
double the average multiplicity. At the event rates maintain
in these experiments, the effects were negligible within thK
range processed.

For K selections near the end of the measured ran
where there are very few states of higher spin to be selec
spurious effects will come into play. For example, a lim
occurs when the population of increasingly higher-spin sta
falls more rapidly than the tail of a typical multiplicity re
sponse function of the instrument~such as shown in Fig. 1!.
This means that the instrument is incapable of resolving s

FIG. 6. Results with the 8PI spectrometer. Unprocessed spe
gated on theK values shown, and normalized to the same num
of counts in the statistical region of the spectrum (Eg

>2000 keV). The same normalization also brings the counts at
lowest spins in the collectiveE2 bump, sayEg'950–1050 keV,
to near equality. We conclude that either of these normalizati
will produce similar results for the difference spectra at the pea
the collectiveE2 bump.
02431
in
to
f

ld
e

n

e
ge
y
d

e,
d,

s

h

weakly populated high-spin states, and the deconvolution
theK-spectrum should, in principle, show a saturation eff
at some limitingM value.

An effect that shows up in simulations of the Gamma
phere detector is that forK selections near the end of th
measured range, there is a decreased peak-to-total resp
in the HPGe detectors. The effect arises because a sup
sion failure in Gammasphere can result in the triggering
an adjacent BGO module. Thus at some level, an increa
number of hits can be generated by selecting events with
above-average number of suppression failures. The 8PI s
trometer is less sensitive to this problem because the B
suppressors are not close packed.

ra,
r
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s
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FIG. 7. Typical results for the incremental spectra. In each ca
the processed and multiplicity-normalized spectra gated on fo
K21 have been subtracted from those gated onK11. The value
Kav is the midvalue ofK. The spectra have been scaled so that th
integral corresponds to unit transition intensity, i.e., toM51.
7-6
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SEARCH FOR THE JACOBI SHAPE TRANSITION IN . . . PHYSICAL REVIEW C66, 024317 ~2002!
Going beyond the response of the instrument, there
also be a spurious effect arising from branching in
nuclear level scheme. If we select events of increasingK,
then, in principle, there must come a point where we begin
select decay paths with more than average multiplicity w
out increasing the spin. In the simulations of this effect,
find that for high-spin cascades, the instrumental limits
scribed above will come into play before this particular sp
rious effect becomes measurable.

An experimental method to check that the instrumen
truly selecting events of higher angular momentum with
creasingK value is to note the relative populations of th
various reaction channels derived from the discrete-line
tensities. To be conservative, we have restricted the
shown here toK values for which the population was no le
than 8% of the peakK population.3 In this range, we found
that as a function ofK selection, the population of th
highest-spin channel was always increasing relative to
channels of lower spin.

F. Centroids of the incrementalg spectra versus spin:
Kinematic moments of inertia

We are now positioned to express the data in the form
plots of the energy centroids of the collectiveE2 bumps in
the incremental spectra versus an associated angular mo
tum. Experimental values for the energy centroids of the
cremental collective bumps were found to be robust, in
sense that they were insensitive to which of the procedu
described in Sec. III E was adopted. The associated ang
momenta were derived from the parametrization given
Table III. An indication of the spread arising from differe
experiments and from different analysis techniques is sho
in Fig. 8. The shaded bands in Fig. 8 are intended to re
sent in an approximate way the uncertainty in the measu
trends. In what follows we show only the shaded bands
representing the data. Figure 9 shows the same data pl
as spin versus rotational frequency. In addition, the so
lines give the results of a modified Thomas-Fermi mod
which will be described in Sec. IV B 1 and compared w
the experimental results in Sec. V.

From theg-ray energyEg associated with theE2 transi-
tion between the states of spin (I 11) and (I 21) we may
derive the kinematic moment of inertia as

I(1)5\2~2I 11!/Eg , ~6!

and these results are summarized in Fig. 10.

G. Widths of the collective bump in the incremental spectra

The observed widths of the incremental collectiveE2
bumps are summarized in Table IV. The spread in th
g-ray energies arises from~a! a spread in the moments o
inertia and in the aligned spin in the feeding region~often
called rotational damping! and ~b! the spread ing-ray mul-
tiplicity ~angular momentum! selected by the instrumen

3Intensities as determined with the trigger bias.
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This latter effect would cause a spread in the collectiveE2
bump energies even in the case of a perfect rotor, where
of the bands had identical properties, so thatEg(I ) were
uniquely related to spin. The instrumental broadening can
determined from experiment since the distribution functio
f K(M ) ~Sec. III D! are known, and the collective bump ce
troid energies have been determined. Results for the ins
mental contribution to the widths are shown in Table I
Generally we conclude that the instrumental contribution
unimportant. Partly, this is because excepting the resid
from reactions on the124Sn target, theg-ray energies are
more similar to spin than would be the case for a pure ro
In fact, the trend of the centroid energies of theE2 bumps
for given reaction partners to reach a near-constant valu

FIG. 8. Summary of collectiveE2-bump centroids and thei
associated spins. Circles refer to data sets taken with the 8PI s
trometer, other symbols refer to Gammasphere data with diffe
analysis procedures as discussed in the text. The shaded ar
intended to represent an envelope of the extremes of the experi
tal uncertainties, and further presentations of the data depict
the shaded region. Labels refer to each dominant reaction chann
high spin.

FIG. 9. Plots of the experimentally derived spin versus ro
tional frequency. The dynamical moment of inertiaI(2) is given by
the slope dI/dv. Solid lines indicate results of the modifie
Thomas-Fermi calculation discussed in Sec. IV B 1.
7-7
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D. WARD et al. PHYSICAL REVIEW C 66, 024317 ~2002!
high spin~cf. Fig. 8!, except in the case of the124Sn target, is
reflected in the drop of the instrumental component of
bump width with spin, evident in Table IV.

It is interesting to consider whether the widths given
Table IV represent an upper bound on the magnitude of
damping width, usually denotedG rot , or whether they are in
fact the damping width. If the region of spin-excitation e
ergy probed by the data were sufficiently far above yrast
it could be considered as a region where rotational damp
were dominant, then the values in Table IV would be dam
ing widths, and not just upper bounds. The value for
124Sn target~mainly 168Yb residues with our high-K selec-
tion!, G rot5280650 at spin 50\, is in good agreement with
recent measurements for the damping width of the same
tem by Stephenset al. @13#.

H. Intensities of the collective bump transitions

The intensity of the collective bump in the multiplicity
normalized incremental spectra does not account for the
tire incremental spectrum; furthermore, we find that there
systematic shift of the fractional strength exhausted by

FIG. 10. Kinematic moments of inertia derived from the me
sured collectiveE2-bump centroids and their associated spins p
ted against rotational frequency. The solid lines indicate result
the modified Thomas-Fermi calculation.

TABLE IV. Analysis of the widths~full width at half maximum!
of the collectiveE2 bump at selected spins.

Target Spin DE ~keV! DE ~keV! DE ~keV!

observed contribution fromDM corrected

50Ti 32 640~100! 200~30! 610~100!
39 500~100! 120~30! 485~100!

64Ni 39 800~150! 300~40! 740~150!
49 600~100! 100~50! 590~100!

96Zr 37 630~100! 315~40! 545~100!
43 520~100! 140~30! 500~100!
49 430~80! 120~30! 415~80!

124Sn 41 380~50! 190~30! 330~50!

50 330~50! 170~30! 280~50!
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collective bump, which varies with the mass of the residu
For angular momenta close to the experimental peak yie
the collective bump accounts for 85%67% (124Sn target!,
70%67% (96Zr target!, 58%610% (64Ni target!, and
40%64% (50Ti target! of the incremental spectra. Fo
higher angular momenta, corresponding to values beyond
quarter point of the multiplicity distributions shown in Fig. 5
the intensities may decrease, but this could be due to un
tainties in the multiplicity normalization for high multiplici-
ties, where the deconvolution of the observed distributio
from K to M begins to become problematic.4

These results of Sec. III are discussed in Sec. IV belo

IV. DISCUSSION

A. Comparison with other experiments

The nuclear moment of inertia was investigated at v
high spin by Folkmannet al. @14#. They studied the reaction
50Ti150Ti and 50Ti1110Pd over a range of bombarding en
ergies with a sum spectrometer. The50Ti target would pro-
duce residues in a similar range to the present experim
and for that case (50Ti150Ti) at the highest bombarding en
ergy they found 2I(1)/\257565 MeV21, for I'42\,
which is 30% higher than the rigid sphere, and correspo
to an axis ratio close to 1.6:1. This result is in accordan
with the present experiment~cf. Table V!. For the160Er resi-
dues they found 2I(1)/\25137615 MeV21 for I'42\,
which is 5–15 % higher than the rigid sphere, and in a
proximate agreement with our value for168Yb if we allow
for an A5/3 dependence.

Similar experiments to determine 2I(2) values for iso-
topes of Er, Yb, Hf, and W were performed by Deleplanq
et al. @15#. In all cases except for the tungsten isotopes,
I(2) values rise above the rigid-sphere value beginn
around \v50.5 MeV, and reach'1.4 to 1.6 times the
rigid-sphere value by\v50.7 MeV, which is the highes
frequency measured. In that experiment, theI(1) values, spe-
cifically in 156Er and160Er, were'17% higher than the rigid
sphere. The closest point of comparison with the present
periment is for the124Sn target, leading to mainly168Yb at
very high spins. In the present experiment for168Yb, the

4The deconvolution process will fail for the highest multiplicitie
where theM spectrum of the reaction falls as rapidly as the inst
mental response, cf. Fig. 1.

-
-
of

TABLE V. The derived kinematic moments of inertia compar
with the rigid-sphere values and the corresponding axis ratios.
spin value corresponding to the moment of inertia is given in
rentheses.

Target I0
(1) I(1) Axis

(\2 MeV21) (\2 MeV21) ratio

50Ti 25.6 33.1 (43\) 1.6
64Ni 34.0 50.7 (55\) 1.9
96Zr 51.8 59.5 (52\) 1.35
124Sn 71.1 74 (55\) 1.1
7-8
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SEARCH FOR THE JACOBI SHAPE TRANSITION IN . . . PHYSICAL REVIEW C66, 024317 ~2002!
dynamical moment of inertia increases with rotational f
quency, roughly in line with typical values measured f
162Yb, 166Yb, and 168Hf in Ref. @15#. For example, compar
ing 166Yb and 168Yb in the two experiments the measure
values rise approximately linearly fromI(2)570\2 to
120\2 MeV21 as the rotational frequency goes from\v
50.5 to 0.7 MeV.

The experiments of Macchiavelliet al. @16# measured
with a sum spectrometer, the reactions of40Ar beams on six
targets ranging from50Ti to 130Te for bombarding energie
in the range 170–185 MeV. Their results for50Ti and 68Zn
targets should correspond approximately with our own50Ti
and 64Ni targets. At low rotational frequencies, they foun
I(2) values close to the rigid sphere, but in the case of50Ti,
82Se, 100Mo, and 124Sn targets,I(2) values increased to
'50% greater than the rigid sphere at the highest rotatio
frequencies measured. This is not in accordance with
results, which indicate a much larger increase inI(2) values
for the 50Ti and 64Ni targets over the same range of rot
tional frequency. For example, theI(2) values for the50Ti
and 64Ni targets diverge towards infinity for\v51.3 and
1.1 MeV, respectively, as can be seen from the vertical ris
I(2) in Fig. 9. Values forI(1) in those experiments@16# were
derived both from determinations of theE2 bump centroid in
difference spectra versus angular momentum, and by i
grating the experimentalI(2) values. These methods gav
consistent results, and the derivedI(1) values are rather clos
to the rigid sphere. Except for the case of our124Sn target,
these results are not in agreement with the present ex
ment, as is evident in Table V.

A possible explanation for the discrepancy with Ref.@16#
lies in the method they used to deriveI(2) values. They used
the relationship

2 I(2)/\258Ng , ~7!

whereNg is the number of rotationalg-ray transitions per
unit energy bin derived from the multiplicity-normalize
processed spectra. This formula is strictly applicable only
the transitions lying below the feeding region.5 The proce-
dure is valid where the states at high spin have a collec
rotational character. This can be tested by noting whethe
not the collectiveE2 bump accounts for all the intensity i
the normalized incremental spectra as detailed in Sec. II
In the present experiment, the collectiveE2 bump accounted
for 85%67% in the124Sn target (168Yb residues!, and this is
probably generally true for the very collective rotors in th
mass region. However, with the64Ni target (108Cd residues!,
the collectiveE2 bump accounts for only 58%610% of the
spectrum, and clearly Eq.~7! will give I(2) values that are
too small. As a check, we have analyzed our data with
procedures of Macchiavelliet al., and indeed we can repro
duce their results after scaling theI(2) values byA5/3 to
remove the~small! mass dependence.

5It can be extended into the feeding region using an analysis
veloped in Ref.@15#.
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B. The Jacobi transition

The signature of a fluid rotating in a Jacobi-like triaxi
configuration is the decrease of rotational frequency with
creasing angular momentum. This result is due to the ra
increase in the fluid’s elongation~and moment of inertia!
caused by the centrifugal force, once the Jacobi regime
been entered. A pedagogical paper on this has recently b
published by Dankova and Rosensteel@17#. For classical flu-
ids, the onset of the Jacobi regime is abrupt, with a disc
tinuous change in the sign of the slope in a plot of frequen
versus angular momentum. This takes place at a critical
gular momentum where the triaxial Jacobi-like configu
tions bifurcate from the family of McLaurin-like oblate
shapes.

In nuclei, the frequency of collective rotation is direct
related to theE2 g-ray energy by\v'Eg/2. The Jacobi
signature would thus be a systematic decrease of Eg with
increasing spin. This is expected to take place only for nu
in a certain range of mass numbers and spins. As an estim
of this range, we note that for an idealized, incompressib
uniformly charged drop, the Jacobi regime is confined to
too highly charged systems, with a fissility parameterx
<0.7315, and with a rotational parametery greater than
y1(x), where@2#

y1~x!50.282920.3475x20.0016x210.0501x3. ~8!

The fissility parameterx is a measure of the disruptiv
electrostatic forces, and is defined as the ratio of the elec
static energy of the spherical liquid drop to twice its surfa
energy. The rotational parametery is a measure of the dis
ruptive centrifugal forces and is defined as the ratio of
rotational energy of a rigidly rotating spherical configurati
to its surface energy.

In the nuclear case, the estimates6

x'~1/50!~Z2/A! ~9!

and

y'2I 2/A7/3 ~10!

in Eq. ~8! allow an estimate of the angular momentum at t
Jacobi point for nuclei idealized as liquid drops. Th
Thomas-Fermi theory provides a considerably more reali
description of the nucleus than does the liquid-drop mode
is a self-consistent, mean-field, semiclassical solution of
problem of nucleons interacting by finite-range effecti
forces that have been adjusted to reproduce accurately a
range of static nuclear properties. The model has been
eralized@18# to include a rotational energy corresponding
synchronous rotation.7 With this idealization, the Jacobi re
gime again appears abruptly at a critical angular momen

e-

6More exact expressions forx and y may be found in Cohen
et al. @2#.

7In synchronous rotation it is assumed that all mass elements
tate with the same angular velocity—cf. Sec. VI B for a relaxati
of this condition.
7-9
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D. WARD et al. PHYSICAL REVIEW C 66, 024317 ~2002!
L1(A,Z), a function ofA andZ. Accurate algebraic formula
representing the numerically calculated properties of a ro
ing Thomas-Fermi nucleus with a givenA, Z, and angular
momentumL are given in the Appendix and in@19#. They
include expressions for the energiesEM(A,Z,L) and
EJ(A,Z,L) of the oblate Maclaurin configurations and th
triaxial Jacobi shapes, as well as for the fission bar
heights of these rotating nuclei. In particular, equations
provided for the above-mentioned critical angular mom
tum L1(A,Z) and for the angular momentumL2(A,Z),
where the fission barrier for the Jacobi shape vanishes~see
Table VI!.

In a classical approximation, the energy for a stretch
quadrupoleg ray would be calculated by taking the diffe
ence

gL5E~L !2E~L22!'2~dE/dL!L21 ~11!

or

gL11'2~dE/dL!L . ~12!

These nominalg-ray energies are to be compared with t
experimental valuesEg , which are plotted in Fig. 11 as func

TABLE VI. Summary of the maximum angular momentum f
fusion, Lmax, the Jacobi transition angular momentumL1, and the
angular momentum for which the Jacobi fission barrier vanish
L2. Also shown isLM , which is the angular momentum at whic
the maximumg-ray energy is reached in the modified Thoma
Fermi theory.

Target Incident Lmax L1 L2 LM

energy~MeV! (\) (\) (\) (\)

50Ti 200 70 56 75 46
64Ni 207 79 62 82 52
96Zr 207 86 72 90 57
124Sn 215 88 76 85 64

FIG. 11. Comparison of the measured collectiveE2-bump cen-
troids versus spin with the Thomas-Fermi calculations, shown b
without ~dashed line! and with ~solid line! the modifications de-
scribed in the text.
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tions of L. The sharp change in slope atL111 marks the
transition ofE(L) to the Jacobi configurations atL5L111,
and the curves in Fig. 11 stop atL211, where the fission
barrier vanishes.

In preparing this figure we assumed that the effectiveZ
and A were those given by calculations with the statistic
model code,EVAPOR @20#. These corresponded to the fou
neutron evaporation channel except for the50Ti target, for
which caseZ541, N550 (91Nb) was closest to the calcu
lated centroid of the residue cross sections.

1. Modified Thomas-Fermi formulas

Hundreds of measured rotational spectra show that
low angular momenta, the energyE(L) invariably rises more
steeply than given by the Thomas-Fermi model as illustra
in Fig. 11. The implied effective moments of inertia are co
siderably lower than those corresponding to~rigid-body!
synchronous rotation. This is associated with nuclear pair
and is expected to disappear with increasing values ofL. In
particular, in the regime of very deformed Jacobi shapes
tating about the shortest axis, the moment of inertia e
mated assuming synchronous rotation should be accu
We have accordingly modified the formula forE(L) by in-
terpolating between 1/k times the Thomas-Fermi formula fo
EM(L) for small L ~wherek is a number greater than unity
implying a moment of inertia that is less than rigid! and the
Thomas-Fermi formula forEJ(L) nearL5L2. The interpo-
lation ~detailed in the Appendix! is made with a curve that is
smooth up to and including second derivatives, thus rem
ing, by construction, the slope discontinuity apparent in
dashed curves in Fig. 11. This was done in recognition of
fact that collective nuclear rotations, also at low spin, a
already associated with~mostly! prolate shapes. Hence, a
the increasing angular momentum forces them into the
cobi regime, one no longer expects a sharp transition cau
by the breaking of axial symmetry about the rotation axis

In these calculations, we have chosen a fixed scaling
tor, k52.0, for all the residues, and have not attempted
find the best individual fit to the experimental data for ea
nucleus. It should be noted that each interpolated curveE(L)
is constructed to pass through the pointL2 at the calculated
excitation energy. It is readily verified that this implies th
for any scaling factork the integral under the interpolate
curve gL for a particular residue is independent ofk, and
equal to that under the unmodified theoretical curve.

Our prescription that the modified and original ener
curves in Fig. 12 come together atL2 implies that the pairing
energy, destroyed for smallL, has beenrestoredby the time
the pointL2 is reached. The possibilty of suchpairing res-
toration was discussed in Ref.@21#, where it was shown tha
for a very deformed shape, particularly a necked-in sha
much of the total angular momentum is carried in what w
become the orbital angular momentum of the two fragme
and relatively little is carried in intrinsic angular momentu
of each fragment~relevant to destroying its pairing energy!.
In the most extreme case of a necked-in shape and com
pairing restoration, the energy of the configuration mig
even fall below the solid curve in Fig. 12, since now the
are two fragments whose combined pairing energy could
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-
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SEARCH FOR THE JACOBI SHAPE TRANSITION IN . . . PHYSICAL REVIEW C66, 024317 ~2002!
greater than that of the original nucleus. In view of the
uncertainties, we have adopted the neutral prescription
simply joining the original and interpolated curves at t
point L2 rather than possibly introducing a second adjusta
parameter to represent the energy of the modified curv
that point. At the most this prescription could introduce
error of the order of 3 MeV, and so change the area under
g-ray curveEg in Fig. 11 by a few percent.

V. COMPARISON OF THEORY WITH THE DATA

Figure 11 shows the shaded regions representing the
from Fig. 8 juxtaposed with the unmodified Thomas-Fer
model~dashed! curves and with the modified~solid! curves.
In the former case there is no correspondence between th
and experiment, showing that there is no evidence in
collective nuclear rotations studied here of a sudden tra
tion from oblate to triaxial shapes. But after decreasing
low-spin moments of inertia~increasing the initial slopes o
the solid curves in Fig. 11! and demanding a smooth inte
polation towards the terminating Jacobi regime at high sp
the calculated curves follow the trends in the data. The c
respondence is not perfect: the108Cd curve is 10% too high
and the168Yb curve has more curvature than the almost l
ear trend of the data. The latter may be due to a shell ef
that has ‘‘locked’’ the nucleus into an almost fixed config
ration in the range of spin observed, thereby preventing
significant centrifugal stretching that is responsible for

FIG. 12. The energy of synchronously rotating Thomas-Fe
nuclei as a function of angular momentum for108Cd ~solid line! and
with the modifications described in the text~dashed line!. The start
of the Jacobi regime of decreasingg-ray energies with increasing
spin is indicated byL1 ~or LM in the modified theory!. The point at
which the fission barrier vanishes is indicated byL2; by construc-
tion, this is the same in both treatments. The unmodified and m
fied heights of the fission barrier are plotted forL decreasing below
L2.
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curvature of the calculated trend. By increasing the value
the parameterk the correspondence of theory with the91Nb
and 140Nd data could be improved, but other factors shou
be kept in mind. In particular, the curves are for a sing
residual nucleus, whereas in reality, there is a distribution
residues in each case, although we refer to each mixture
the name of the main product under our gating conditio
Moreover, the composition of the residues will depend on
angular momentum, with more particles evaporated at
spin than at high spin. The formulas in the Appendix can
used to investigate the effect of different assumptions.

A. Comparison of moments of inertia

In Fig. 11 we compared experiment and theory at the le
of the g-ray energy centroids. We can also make a comp
son at the level of the kinematic moments of inertia, and t
was shown in Fig. 10. The calculated curves terminate at
spin where the fission barrier for the Jacobi shape is ca
lated to vanish. In all four cases the interpolated calculat
gives a fair representation of the variation ofI(1) with spin,
although the calculated absolute values for108Cd are
'12–15 % too small. The increase inI(1) over the measured
range of spins is'40% in both the experiment and theory

At the highest spins measured, the observed kinem
moments of inertia are larger than those estimated for a r
sphere, namely,

I0
(1)/\2'0.0139A5/3 MeV21 ~13!

as detailed in Table V. To gain some insight into the def
mation these moments of inertia might imply, we note th
the moment of inertia of a prolate spheroid with semiax
a:a:c rotating about thea axis, divided by the moment o
inertia of a sphere of equal volume and radiusR is given by

I/I05~a21c2!/2R2, ~14!

where

a2c5R3. ~15!

The results for the derived axis ratios,c/a are given in Table
V.

The dynamical moment of inertiaI(2) is defined by

I(2)/\25dI/~\dv!. ~16!

Figure 9 shows that except for the case of reactions on
124Sn target, there is a trend for continuously increas
slopesdI/d\v and henceI(2) values that continuously rise
with rotational frequency. To facilitate comparison with oth
experiments, theI(2) values observed at the lowest spins a
summarized in Table VII. At the highest spins for reactio
on the 124Sn target~essentially168Yb residues! we measure
I(2)/\25115610 MeV, which is in good agreement wit
the value given in Ref.@15# of 120610 MeV, after scaling
166Yb to 168Yb by A5/3. The other reactions studied by u
show essentially infinite values forI(2)/\2 at the highest
spins, as is apparent from the near-horizontal slopes in Fi
and the near-vertical slopes in Fig. 9.

i
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B. Alignment gains at high spin

Large increases in the moment of inertia reflect change
nuclear structure that may arise from increased deforma
due to centrifugal effects, as discussed above, or due
changes in the occupation of specific orbitals. These eff
are not necessarily independent, since in order for the nuc
deformation to increase, there must be correspond
changes in the occupation of particular orbitals associa
with large elongations. Changes in orbital occupations
related to a microscopic description of the deformat
changes, which we are describing macroscopically as a
cobi effect.

Alignment gains from a crossing with the intruder orbit
within the valence space are commonplace between spin\
to 20\ in nearly all deformed nuclei. At much higher rota
tional frequencies, there can be alignment gain from cro
ings of the intruder orbital in the next shell above the valen
shell. At such high frequencies these would presumably
unpaired crossings.

We have applied an empirical two-band mixing calcu
tion to test whether our data can be reproduced by any ch
of parameters in such a model. We find that if one is free
choose the crossing frequencies, alignment gains, and i
action strengths, the data can be roughly reproduced ove
critical region of near-constantg-ray energy. To do this, the
interaction strength has to be of the order of 2.5 MeV, a
the gain in aligned spin must be about 5\ in the 91Nb case
and about 10\ in the other cases. The required crossing f
quencies are shown in Table VIII. The interaction strength
large, and seems unrealistic; nevertheless, it could be vie
as a way ofmocking upmultiple-band crossings.

An explanation in terms of alignment gains could be mo
convincing if the parameters could be estimated. Howeve
is difficult to see how this can be achieved in practice, sin

TABLE VII. The derived dynamical moments of inertia at th
lowest spins measured.

Target Spin I(2)

(\2 MeV21)

50Ti 20\ 3363
64Ni 30\ 4263
96Zr 25\ 5564
124Sn 25\ 8564
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the deformation is a crucial ingredient, and as discus
above, it may be changing dramatically over the region
interest. Nevertheless, Macchiavelliet al. @16# have esti-
mated the critical frequency for the crossing as\vc
541A22/3 MeV for a spherical nucleus, and this should
an upper limit. Furthermore, since the spin of the intrud
orbital is roughly A1/3\, a typical alignment gain will be
;2A1/3\. The data of Refs.@14–16#, which cover the mass
rangeA;80–165, all show that the moment of inertia sta
to rise at sufficiently high\v, and indeed, the onset fre
quency scales asA22/3, but it occurs near\v;0.5\vc ; the
presently observed crossing frequencies are also a factor
lower than the spherical estimate. The magnitude of the
quired gain in aligned spin is consistent with the simple sc
ing rule. The fact that the alignment gain happens ear
than the above estimate is not so surprising since it was
upper limit.

We note that the pronounced increases in the moment
inertiaI(2) observed in this work and in the references giv
above, which might be expected to correspond with la
alignment gains, in fact correspond to only moderate ga
typical values would be in the range (5 –10)\, which is com-
patible with the gain expected from the the higher intrud
orbital. This follows from consideration that the experime
tal I(2) value is given by

D i 5E ~I(2)2I0
(2)!dv, ~17!

whereI0
(2) is a chosen reference value.

C. Oblate states at very high spin?

For classical rotating liquids, the Jacobi transition mark
bifurcation between oblate and triaxial states. Thus nucle
a liquid drop or in a Thomas-Fermi description@18# can ro-
tate at low and moderate angular momenta about their ob
symmetry axis as described classically by McLaurin sp
roids, e.g., Ref.@17#. This type of noncollective behavior in
real nuclei is seen at low spin in several regions of
nuclear chart, such as in theA'150 region near147Gd @22#
and in theA'215 region near212Rn @23#. It is due to the
increasing alignment of individual high-K valence nucleons
along the nuclear symmetry axis that their orbital moti
tends to polarize the nucleus into an oblate shape. The e
e
the

in
TABLE VIII. Interpretation of the dynamical moments of inertiaI(2) as effects of aligned spin in a
schematic two-band mixing model. The estimates are those given in Ref.@16#. To reproduce the main featur
of the data, i.e., the flattening ofEg with increasing spin, the interaction strength in the model must be in
range of 2–3 MeV.

Target Crossing frequency Crossing frequency Alignment gain Alignment ga
~kev! ~empirical! ~keV! ~estimated! (\) ~empirical! (\) ~estimated!

50Ti 1220 3021 5.0 7.4
64Ni 1035 1854 10.0 9.5
96Zr 825 1521 10.0 10.4
124Sn 585 1347 10.0 11.0
7-12
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tation energy along the yrast line in these nuclei is, on av
age, proportional to the square of the angular momen
over the range of spin involved, thus resembling a rotatio
band, but the sequence ofg-rays is irregular, and comprise
dipole as well as quadrupole radiation. However, there
little experimental evidence that such oblate structures
their associated irregularg-ray sequences exist at high spi

There are, however, examples at moderate to high spin
another type of behavior—prolate or prolate-triaxial ban
evolving gradually with increase in spin to an oblate st
which terminates the band. This occurs when the vale
nucleons have gradually aligned all their spins with the ro
tion axis, the oblate symmetry axis, thus gradually chang
through triaxial shapes towards oblateness and a nonco
tive terminating state. These structures have been revie
by Afanasjevet al. @24#. The energies of the transitions i
these bands tend to deviate from the rotational formula,
ticularly as termination is approached.

We can speculate that if noncollective oblate states ly
far above the yrast line exist, and are populated at very h
spins, then the associated continuousg-spectrum would be
featureless, and difficult to identify experimentally. Neve
theless, the presence of this radiation can be inferred f
the multiplicity-normalized difference spectra. In cas
where all of the normalized difference~incremental! spec-
trum is not concentrated in theE2-bump region~cf. Sec.
III H !, one may assume that the balance must lie in so
featureless spectrum, possibly characteristic of noncollec
oblate rotation. There is evidence in theA'160 region that
the E2 bump does in fact exhaust most of the normaliz
spectrum@15,25#, but in lighter nuclei, there seems to be
substantial noncollective component.

D. Conclusions

Figure 8 shows that in three of the four cases stud
(168Yb is the exception! the plot of Eg vs I flattens out at
high angular momentum, suggesting the presence of a m
mum. There is, however, no evidence for an abrupt chang
slope as would be predicted by a synchronously rota
Thomas-Fermi~or liquid-drop! model, shown by the dashe
curves. When the predictions of the Thomas-Fermi model
modified by taking account of the reduction of the mome
of inertia at low angular momentum by a factor of 2, as w
as by smoothing out by interpolating the slope discontinu
~due to the preexistence of prolate shapes at low spins!, the
theoretical curves show a fair correspondence with the m
surements. In the model, the flattening ofEg(L) and the
eventual downturn is due to centrifugal stretching expec
for Jacobi-like configurations. Confirming this interpretati
would require the determination of quadrupole momen
which is difficult on account of the anticipated extremely fa
transitions and the continuous nature of the radiation. T
model treats three of the five most important influences
nuclear structure at high spin, namely, centrifugal forc
Coulomb repulsion, and surface energy. Of the two left o
pairing and shell effects, the former should be of lesser
portance at the high-spin values of interest, so that shel
fects are the main missing consideration. They can indee
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important. The absence of a leveling-out ofEg(L) in the case
of 168Yb might be due to a shell effect, which locked th
nucleus into an almost undeformable potential energy poc
in the range of angular momentum observed so far.

Our results suggest—without proving it—that nuclei wi
sufficiently large angular momenta may exhibit appro
mately the universal features of rotating fluids, first noted
1834 in the context of idealized gravitating masses.
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APPENDIX

1. Thomas-Fermi formulas

Guided by scaling rules valid in the liquid-drop mod
~which is a lowest-order approximation to the Thomas-Fe
model!, as well as by universal rules associated with bif
cations and limiting points in families of equilibrium shape
we have constructed formulas in terms of the atomic a
mass numbers,Z andA, and the angular momentumL, which
accurately represent the numerically calculated propertie
a number of Thomas-Fermi nuclei from Se to Yb. The
formulas, given below, can then be applied to neighbor
nuclei, thus avoiding the need for a separate Thomas-Fe
calculation for each nucleus of interest. In the followin
energies are in MeV, and angular momenta are in units o\.

The critical angular momentum at which the Jacobi tra
sition takes place is given by

L150.060 29A7/6~40.832z!1/2, ~A1!

where the fissility parameterz is defined as

z5Z2/$121.7826~@A22Z#/A!2%A. ~A2!

The angular momentum at which the fission barrier va
ishes is

L250.091 08A7/6~36.342z!1/2. ~A3!

The energy of the oblate~Maclaurin-like! equilibrium shapes
with respect to a nonrotating ground state is

EM~L !5g1L1~0.3l220.025l4!, ~A4!

where

g156.2811~@44.602z#/A!1/2 ~A5!

and

l5L/L1 . ~A6!

The energy of Jacobi shapes, bounded byL1<L<L2, is
7-13
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EJ~L !5g1L1$0.2751 1
2 k@G2~12X!

1 1
2 ~12G22b!~12X2!1 2

3 b~12X3/2!#%,

~A7!

where

G250.6118@12~z/38.91!2#2/@12~z/33.49!2#, ~A8!

b50.3078, X5~L22L !/~L22L1!,

and k5~L2 /L1!21. ~A9!

The energy of saddle-point shapes forL<L2 is

ES~L !5EJ~L !1B1X3/2, ~A10!

where

B15~2/3!g1L1bk. ~A11!

For L1<L<L2, the fission barrier for the Jacobi shapes
B1X3/2.

For L<L1 the fission barrier for Maclaurin shapes is

BM~L !5ES~L !2EM~L !. ~A12!

In order to derive expressions for theg-ray energies we de
fine energy derivatives as

g~L ![2dE~L !/dL, ~A13!

so that

gL[g~L21! ~A14!

is an accurate approximation to a nominal quadrupole tr
sition energy from the stateL to the stateL22. For the
Maclaurin shapes we have

gM~L !5g1~1.2l20.2l3!, ~A15!

and for the Jacobi shapes withL1<L<L2 we find

gJ~L !5g1@G21~12G22b!X1bX1/2#. ~A16!

For L5L1 we havegM(L1)5g1, and for L5L2 we have
gJ(L2)5g1G2.

The above equations have been verified to represen
curately the numerical Thomas-Fermi solutions for nuc
with mass numbersA greater than;70 and less than;170,
or equivalently, for fissilitiesz in the range 15.8 to 30.7
They may be adequate forA less than 70, but should not b
used forA greater than about 170, or forz greater than abou
30.7. The expression forBM(L) may not be reliable forL
much belowL1.

2. Modified Thomas-Fermi formulas

As explained in Sec. IV B 1, we constructed modified fo
mulas by interpolating the energyE(L) betweenk times the
low-L behavior ofEM(L) and the equation forEJ(L) near
L5L2, by smoothly joining atL1 the two expressions
02431
n-

c-
i

E,5g1L1@0.3kl220.025l42aln# for L<L1
~A17!

and

E.5g1L1$0.2751 1
2 k@G2~12X!1~1/2!~12G22b!

3~12X2!1~2/3!b~12X3/2!1bX2#%

for L1<L<L2 . ~A18!

For a givenk value, the three quantitiesn,a,b are deter-
mined by the requirement of continuity of value, slope, a
curvature atL5L1 ~cf. Sec. IV B 1!. The theoreticalg-ray
energies will now change gradually from increasing to d
creasing functions ofL, but we shall continue to refer to th
regime of decreasingg-ray energy as the Jacobi regime.

The above-mentioned requirements of continuity lead
the following formulas forn, a, andb

n5@2B1~B214AC!1/2#/2A, ~A19!

a50.3A~k21!/~21nk!, ~A20!

b5na20.6~k21!, ~A21!

whereA, B, andC are given by

A52~11k!52L2 /L1 , ~A22!

B5~2/k!2A2Vk, ~A23!

C5~4/k!12V, ~A24!

where

V521@11~12G22b/2!/0.6k#/~k21!. ~A25!

Figure 12 illustrates the Thomas-Fermi and modifi
Thomas-Fermi energies and fission barriers in the case
108Cd. Thek value was taken to be 2.

Formulas for the energy derivative functionsg(L) related
to theE2 g-ray energiesgL by Eq. ~A14! are

g,~L !52g1@0.6kl20.1l32naln21# for L<L1
~A26!

and

g.~L !5g1@G21~12G22b!X1bX1/222bX#

for L1<L<L2 . ~A27!

Varying k in the range from zero to infinity results in a on
parameter family of interpolation functions forg(L). The
choice ofk52 turns out to give an approximate correspo
dence with the measurements, as seen in Fig. 11.
7-14
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